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The transition from natural convection to thermomagnetic convection of a
magnetic fluid in a non-uniform magnetic field
Peter S. B. Szaboa, Wolf-Gerrit Fru¨ha
aSchool of Engineering and Physical Science, Heriot-Watt University, Riccarton, Edinburgh, EH14 4AS, United Kingdom
Abstract
Magnetic fluid flow and heat transfer by natural and thermomagnetic convection was studied numerically in a square
enclosure. The aim was to investigate the transition from natural convection to thermomagnetic convection by explor-
ing situations where buoyancy and the Kelvin body force would be opposing each other such that the magnetic effects
would in some cases be the dominant factor throughout the domain and in other cases only in a part of the fluid. The
numerical model coupled the solution of the magnetostatic field equation with the heat and fluid flow equations to
simulate the fluid flow under a realistic magnetic field generated by a permanent magnet. The results suggest that
the domain of influence over the flow field is largely aligned with the domain of dominance of the respective driving
force. The result is that the transition from a single buoyancy-driven convection cell to a single thermomagnetically
driven cell is via a two-cell structure and that the local effect on the flow field leads to a global effect on the heat
transfer with a minimum of the Nusselt number in the transition region.
Keywords: Natural convection, Thermomagnetic convection, Magnetic fluid, Kelvin body force, Body force ratio
1. Introduction
Magnetic fluids are industrially manufactured col-
loidal suspensions of magnetic nano-particles with a
typical equivalent diameter of about 10 nm. These
particles are coated with a surfactant to prevent them
from falling out of suspension when dispersed in a car-
rier fluid. Depending on the application, the carrier
fluid could be water, kerosene or a silicone based fluid.
Since the first manufactured magnetic fluid in the early
to mid-1960s, the magnetic fluids industry has experi-
enced substantial growth as ferrohydrodynamics began
to develop [1]. Today, magnetic fluids are used in a
range of industrial applications such as in anti-vibration
devices or seals, in measurement technology, in med-
ical technology for cancer treatment or targeted drug
delivery in the body, and in heat transfer applications
such as convection [2]. The electrical conductivity is
largely determined by the carrier fluid, leading to the
possibility of manufacturing electrically conducting or
non-conduction magnetic fluids.
Heat transfer by convection is a key process and well
known to transport or remove heat from processes or
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components by fluid flow in addition to heat conduction.
It can be categorised into forced and passive convec-
tion. In forced convection, the fluid motion is induced
by pumps or fans while in passive convection, changes
in some fluid’s properties lead to self-induced flow. The
most common passive convection is natural or free con-
vection, driven by buoyancy due to temperature-induced
density changes. Natural convection in a nanofluid can
be modified by a number of processes, such as inter-
nal heat generation in electrically conducting fluids or
nanofluids with magnetic nanoparticles [3], by a strong
variation of the viscosity with temperature [4], or by
the shape of the nanoparticles [5], to name but a few.
Magnetic fluids exhibit a different type of passive con-
vection, in addition to natural convection, which is not
driven by density variations but by changes in the mag-
netisation of the fluid. This type of convection is called
thermomagnetic convection and is described in detail in
§1.2. As thermomagnetic convection is not driven by
buoyancy, it could be used as a passive cooling mech-
anism in micro-gravity environments or in situations
where the heat source is above the cooling fluid [6]. Be-
fore describing thermomagnetic convection, modelling
tools used to investigate convection in nanofluids are
briefly introduced.
Preprint submitted to To be discussed September 12, 2017
  
1.1. Modelling approaches of convection in nanofluids
As governing equations for convection of nanoflu-
ids are not only the standard thermofluid equations for
Newtonian fluids, a choice has to be made whether to
simplify the spatio-temporal description or the terms
describing the physical interactions. Approaches fo-
cussing most on the physical processes are analytical
methods which can be applied in systems with a high
degree of symmetry, such as a vertical annulus with a
uniform magnetic field [7, 8].
Motivated by a number of manufacturing processes,
Majeed, Zeeshan and Ellahi [9] investigated the bound-
ary layer flow of an initially stagnant magnetic fluid
driven by a stretching sheet while being cooled from
the Curie temperature by heat loss through the sheet and
subjected to the magnetic field from a dipole just below
the sheet. Using the analytic expression for the mag-
netic field and the linearisation of the temperature sensi-
tivity of the fluid’s magnetisation through the pyromag-
netic coefficient, they were able to reduce the governing
equations to a set of seven ordinary differential equa-
tions. This approach proved sufficiently versatile to be
adapted to include, for example, chemical reactions [10]
or heat radiation [11]. A similar approach was applied
equally successfully to analysing natural convection of
a conductive nanofluid subjected to a uniform magnetic
field [3].
Once the geometry of the system is more complex,
one usually has to resort to finite-difference, finite-
volume or finite-element methods. For example, the
convection of a nanofluid subjected to a constant mag-
netic field but in an enclosure with an obstacle within
could be solved using a Galerkin weighted residual fi-
nite element approach [12]. Another option is the Con-
trol Volume based Finite Element Method (CVFEM)
which exploits the advantages of the two respective ap-
proaches, finite volumes and finite elements, for multi-
physics problems in complex geometries. Two exam-
ples are convection of a nanofluid in an inclined half-
annulus [13] or flow of a nanofluid in a porous en-
closure with an elliptical outer boundary and an inner
block [14]. While these two dealt with complex geome-
tries but simple forcing, the method was also useful for
forcing including a magnetic dipole field.
However, all of the above have used constant mag-
netic fields or magnetic fields prescribed by an analyt-
ical dipole field. If the magnetic field itself is not eas-
ily written by an explicit equation, finite elements can
still be used if the governing magnetic field equations
are part of the multi-physics formulation. For non-
conducting magnetic fluids subject to a spatially com-
plex but only slowly varying magnetic field, it is suffi-
cient to solve the linear magneto-static equations, either
as a separate solution step or as an integrated part of
the set of governing equations. Such an approach has
in the past been applied [15] and was recently validated
against experimental observations [16].
1.2. Thermomagnetic convection
To introduce the essential aspects of thermomagnetic
convection, we only focus on the Kelvin body force in
this section, which takes the form of µ0 (M · ∇)H with
the symbols being the magnetic permeabiltiy of free
space, the magnetisation of the fluid and the magnetic
field [17]. If the temperature sensitivity of the magneti-
sation is linearised using a so-called pyromagnetic co-
efficient, K, then, just as volumetric expansion leads to
a buoyancy force proportional to the volumetric expan-
sion coefficient, the temperature change and gravity, so
does the Kelvin body force lead to a force proportional
to the pyromagnetic coefficient, the temperature change
and the magnetic field gradient. It has to be noted here
that, while the thermomagnetic driving force vanishes at
leading order in a uniform magnetic induction field, the
temperature sensitivity of the magnetisation also leads
to a thermally-induced magnetic field gradient [1].
The effect of a uniform magnetic field gradient on
convective instability in magnetic fluids was first dis-
cussed in 1970 by Lalas and Carmi [18] and accom-
panied by Curtis [19] without the presence of gravita-
tional forces. The induced convective flow was based
on a magnetisation gradient in a layer of magnetic fluid
imposed by a temperature gradient in the presence of a
magnetic field gradient and called thermomagnetic con-
vection. A key feature about this is that hotter fluid is
less magnetised than cooler fluid. Thus, cooler fluid
is more attracted towards higher magnetic field regions
than warmer fluid which creates convection when a crit-
ical magnetic Rayleigh number is exceeded [1]. For
the case of a uniform magentic field gradient parallel to
gravity, Blums [17] introduced the concept of an effec-
tive Rayleigh number defined as the sum of the standard
Rayleigh number and the magnetic Rayleigh number.
The behaviour of different magnetic fluids in the pres-
ence of buoyancy and magnetic field forces was inves-
tigated experimentally by Sawada et al. [20] and nu-
merically complemented by Snyder et al. [21]. Snyder
et al. developed a non-dimensional approach that com-
bined natural and thermomagnetic convection in a sin-
gle body force term that was expressed as an effective
gravity term. While the numerical model was able to
exhibit either a natural or a thermomagnetic convection
cell, it did not reproduce the transition between these
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two cases observed in the experiments in the form of
two convective cells. This was suggested to be due to
the approximation of the magnetic field from the perma-
nent magnet by a constant magnetic field gradient. Gan-
guly et al. [22], Mukhopadhyay [23] and Banerjee [24]
did consider a spatially varying magnetic field gradient
by using the analytical solution of the field for a line
dipole instead of a constant field gradient but without in-
cluding buoyancy. Fru¨h [15] and Szabo [25] considered
some cases of thermomagnetic convection in the pres-
ence of terrestrial buoyancy and observed that the heat
transfer as measured by the Nusselt number can exhibit
a transition from natural convection to thermomagnetic
convection where the heat flow rate was below that of
either natural convection or pure thermomagnetic con-
vection. As this was reminiscent of an observation by
Sawada et al., but not captured in the simulation by Sny-
der et al., this suggested that superposition of buoyancy
and magnetic forcing can lead to complex mixed con-
vection but only if the structure of the magnetic forcing
includes a realistic spatial structure.
1.3. Aims and Outline
The aim of this study was to develop a better un-
derstanding of the consequences of combining natural
convection and thermomagnetic convection from non-
uniform magnetic field gradients. For the remainder,
the flow resulting from combined buoyancy and Kelvin
body force will be referred to as ’mixed convection’.
This study therefore investigated this mixed convection
by re-evaluating the observations of Sawada et al. [20]
and extending the earlier study by Snyder et al. [21] us-
ing a modelling approach validated against experiments
recently [16].
To achieve equivalence to the system by Swada et al.,
mixed convection in a square cavity driven by a perma-
nent magnet was modelled where the magnetic field was
calculated as the Finite-Element solution to the magne-
tostatic equations. The position of the magnet was cho-
sen to replicate the configuration from Sawada et al.,
where the magnetic forcing was in the opposite direc-
tion to buoyancy (Case 3 in [20, 21]). The remanent
magnetisation of the magnet was set to explore in de-
tail the transition from natural convection to a convec-
tion cell fully dominated by thermomagnetic convec-
tion. The model formulation and computational imple-
mentation are introduced in sections 2 and 3, respec-
tively, and the results are presented in §4.
To interpret and quantify the effect of the spatially
varying magnetic field gradient on the global flow in
section 5, a local force ratio, r, and its average over
the fluid volume are introduced. The local force ratio is
used to explain the observed flow structures, and the re-
sulting heat transfer is analysed using the Nusselt num-
ber as a function of the averaged force ratio.
2. Model formulation
The system investigated was a two-dimensional
square cavity filled with an oil-based commercial mag-
netic fluid with the physical properties summarised in
Tab. 1 which was used in a previous study by the au-
thors [16]. The cavity was subjected to thermal forcing
by maintaining two opposite walls at a constant temper-
ature whereas all remaining walls were thermally insu-
lated. Figure 1(a) presents the temperature and velocity
boundary conditions for the domain.
To investigate the influence of external magnetic
fields on the heated cavity, a set of permanent magnets
with different remanent magnetisation from 0.1 Tesla to
1.3 Tesla were used. The permanent magnet is 1.2L long
and has a square pole face with a side length of 0.4L,
where L is the characteristic length scale of the cavity.
This was placed with a distance of 0.2L above the top
centre position of the cavity.
2.1. Governing equations
As the magnetic fluid used here, like the majority
of magnetic fluids, has a negligible electrical conduc-
tivity, it is here considered as non-conductive [22] and
Maxwell’s equations in their static form reduce to
∇ · B = 0 (1)
∇ ×H = 0 (2)
where B is the magnetic induction and H the magnetic
field. The magnetic induction and magnetic field are
related by
B = µ0 (H + MM) (3)
Table 1: Fluid properties used for the simulations [16].
Property Value
Carrier Fluid Mineral oil
Density ρ = 1272 kg/m3
Thermal diffusivity κ = 6.5 × 10−8 m2/s
Thermal expansion coefficient β = 38.5 × 10−5 K−1
Heat capacity cp = 1554 J/(kg·K)
Dynamic viscosity µ = 2.614 × 10−2 Pa·s
Kinematic viscosity ν = 2.056 × 10−5 m2/s
Volume concentration φ = 0.1
Magnetic moment m = 2.93×10−25 J·m/A
Magnetic bulk saturation Md = 423 kA/m
Prandtl number Pr = 316
3
  
(a) (b) (c)
Figure 1: (a) Problem geometry and boundary conditions. (b) Mesh in and near the fluid domain, and (c) the full extended domain used for the
solution of the magnetic field equations (blue: fluid domain; red: permanent magnet; white: air)
where µ0 is the vacuum permeability and has the value
4pi × 10−7 H/m and MM the magnetisation of the mag-
netic material written as Br/µ0 where Br is the remanent
magnetisation of the permanent magnet.
The assumed magnetic field, H, within the cavity is
calculated using the initial Langevin susceptibility writ-
ten as
χL =
nm2
3µ0kBT
(4)
where n is the particle number density and equals to
(µ0 φMd/m), Md the bulk magnetic of the solid modi-
fied by the volume fraction φ, m the magnetic moment
of the magnetic fluid, kB the Boltzmann’s constant and
equals to 1.38 × 10−23J/K and T the temperature. Fol-
lowing Pshenichnikov et al. [26], the initial Langevin
susceptibility may be modified to
χ = χL (1 + χL/3) (5)
to include inter-particle interactions. Thus, the magnetic
field within the fluid domain may be calculated as
H =
B
µ0 (1 + χ)
(6)
to conform to the magneto-static Maxwell’s equations,
eq.(1) and eq.(2).
The continuity, momentum and heat equations for a
steady incompressible flow are represented as
∇ · u = 0 (7)
ρ (u · ∇)u = −∇p + µ∇2u + f (8)
(u · ∇) T = κ∇2T (9)
where ρ is the density, u the velocity, p the pressure,
µ the dynamic viscosity, κ the thermal diffusivity and
the force term f represents any additional force acting
on the fluid. For a thermomagnetic flow in presence of
gravity the force term, f, includes buoyancy
fb = ρβ δT g (10)
where g is the gravitational acceleration and δT the tem-
perature difference to a reference temperature at which
the density, ρ, and volumetric expansion coefficient β
are defined. It also includes the Kelvin body force
fK = µ0 (M · ∇)H + µ02 ∇ × (M ×H) (11)
where M is the magnetisation of the fluid.
The magnetisation for a mono-dispersed col-
loidal magnetic fluid is expressed by the super-
paramagnetisation law [1, 27] through Langevin’s func-
tion L (ζ) = coth (ζ) − 1/ζ written as
ML (H,T, φ) = φMd L (ζ) , ζ = mHkBT (12)
where H is the magnitude of the magnetic field. As
mentioned when introducing the susceptibility in eq.(5),
inter-particle interactions are common in magnetic flu-
ids and eq.(12) is extended to [26]
M = φMd L
(
ζp
)
, ζp =
m (H + ML/ 3)
kBT
. (13)
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As fluid velocities are small in natural and thermomag-
netic convection and with stationary applied magnetic
field, one can assume that the magnetic moment is al-
ways aligned with the external magnetic field and the
fluid may be considered free from magneto-dissipation
so that the last term in eq.(11) may be neglected [22].
Thus, the magnetisation vector, M, may be written as
M (H/H). Furthermore, without a temperature gradi-
ent the fluid remains stable due to its magnetisation and
adiabatic compression, and convection does not occur.
However, in the presence of a temperature gradient, the
fluid’s magnetisation changes such that non-isothermal
perturbations of the magnetising field turn to a net driv-
ing force from the first term in eq.(11). For moderate
temperature differences, this term can be linearised and
written as
fK = µ0K δT |∇H| (14)
where K = − (∂M/∂T )φ,H , is known as the pyromag-
netic coefficient.
2.2. Non-dimensional Parameters
In this section, the main non-dimensional parameters
are introduced to characterise heat transfer by natural
and thermomagnetic convection. A scaling strength of
the driving force in natural convection is the Grashof
number and presents the ratio of buoyancy to viscous
dissipation given by
Gr =
β ∆TgL3
ν2
(15)
where ν is the kinematic viscosity and ∆T = Th − Tc
the temperature difference applied across the system. A
similar process to natural convection is found in thermo-
magnetic convection due to temperature dependencies
in the Kelvin body force, eq. (14). Quantifying the ratio
of the magnetic forcing through temperature changes in
the presence of a magnetic field over diffusion leads to a
non-dimensional parameter similar to the Grashof num-
ber. This parameter is known as the magnetic Grashof
number
Grm =
µ0K∆T HL2
ρν2
. (16)
By introducing further non-dimensional values such
as
u′ =
uL
ν
, ∇′ = ∇L, p′ = pL
2
ρν2
,
T ′ =
T − Tc
∆T
, M′ =
M
φMd
, H′ =
µ0H
Br
(17)
the computational model equations, both gravitational
and magnetic convection, may be considered in non-
dimensional form so that eq.(7)-(10) and eq.(14) are
given as
∇′ · u′ = 0 (18)(
u′ · ∇′)u′ = − ∇′p′ + ∇′2u′
+ T ′
[
Gr eg + Grm
(
M′ · ∇′)H′] (19)(
u′ · ∇′) T ′ = Pr ∇′2T ′ (20)
where eg is the norm vector in the direction of gravity.
The heat transfer is quantified by the Nusselt number,
Nu, which is the ratio of the total heat transfer to the
conductive heat transfer across a surface where Nu = 1
would indicate a heat transfer by conduction alone and
Nu > 1 an enhanced heat transfer by convection. The
Nusselt number was calculated by integrating the total
heat flux across a cross-section with area A, as
Nu =
L
κρcp ∆T
1
A
∫
q dA (21)
where cp is the heat capacity and q the heat flux across
the cross-section, A.
3. Computational methodology and numerical input
The numerical model was calculated with the use of
a Finite-Element technique developed [28]. To ensure
that the magnetic field of a finite size permanent mag-
net is correctly solved, the domain was extended by 5L
in height and width with a zero magnetic scalar poten-
tial as the boundary condition. The permanent mag-
net was placed in the centre of the extended domain as
shown in Fig. 1(b), with a remanent magnetisation of
Br = (0, Br). The fluid domain was placed according
to the specification described in §2 and Fig. 1 in the ex-
tended domain.
A triangular mesh was generated with a total of
19, 622 elements where 8, 996 elements were allocated
in the fluid domain as is shown in Fig. 1(b) and (c)
for each domain, respectively. This mesh was tested
Table 2: Numerical benchmark for natural convection.
Input value Result Vahl Davis Difference
Rayleigh no Nusselt no Nusselt no
103 1.117 1.116 0.15%
104 2.245 2.234 0.50%
105 4.526 4.510 0.30%
106 8.865 8.798 0.76%
5
  
by comparison with the de Vahl Davis benchmark so-
lution [29] for natural convection of a fluid with Prandtl
number of Prair = 0.71. The solution was performed by
solving the non-dimensional eq.(18)-(20) by using the
Rayleigh number, Ra, in Tab. 3 as an input parameter
written as Gr = Ra/Prair.
The thermal and velocity boundary conditions pre-
sented in Fig. 1 were applied in non-dimensional form
so that the temperature was T ′ = 1 for the left heated
wall and T ′ = 0 for the right wall. Zero heat flux was
applied to the two remaining walls, no-slip velocity con-
ditions to all surfaces, and a zero reference pressure to
the top-left corner of the cavity. All configurations were
studied with the same initial conditions of a stagnant
fluid, a uniform distributed dimensionless temperature,
T ′ = 0. As the validation of the model for natural con-
vection obtained sufficiently accurate results, presented
in Tab. 2, the fluid used for the validation was replace
by the magnetic fluid with the physical properties sum-
marised in Tab. 1.
For this purpose the computational methodology with
the magnetic fluid was split into two solution stages.
The first stage solved the magnetic field equations
eq.(1), eq.(2) and eq.(3) in the full extended domain.
Results of the simulated induction field, B, are then used
in the second stage to solve the magnetic field, H, inside
the magnetic fluid domain using eq.(6) with the fluid
temperature, T , defined as
T = ∆T T ′ + T0 (22)
where T0 is the reference temperature defined as the
temperature of the cooled side wall. The resulting non-
dimensional magnetic field, H′, is given in Fig. 2. The
magnetic field, H, then provided the magnetisation of
the fluid, M, and the pyromagnetic coefficient, K, to
calculate the Grashof numbers in eq.(15) and eq.(16)
which are summarised in Tab. 3. These are then used
as input parameters to solve simultaneously the non-
dimensional continuity eq.(18), momentum eq.(19) and
heat eq.(20). As there is no established convention as
to how to specify the magnetic field in the definition for
the magnetic Grashof number, eq.(16), the value given
in Tab. 3 is the maximum of the local magnetic Grashof
number using K and H calculated with the model solu-
tions of the magnetic field and temperature at each node
in the fluid domain.
4. Results
The first set of simulations was performed without the
magnet, resulting in natural convection, and this is pre-
sented in the top row of Fig. 3 with Gr= 1.1× 103. This
Figure 2: Distribution of the magnitude of the non-dimensional mag-
netic field, |H′ |, within the convection cell.
solution was then used to benchmark the effect of mag-
netic forces against natural convection for a constant
Grashof number. Figure 3(a) with a contour map of the
velocity magnitude together with a set of streamlines
shows a single, domain-filling convection cell in which
the fluid rises adjacent to the heated side wall and de-
scends near the cold side wall with a relatively quiescent
fluid in the centre. Figure 3(b) shows the corresponding
temperature field as a contour map. This shows the ther-
mal boundary layers at the heated and cooled side walls
and relatively flat isotherms in the stably stratified fluid
interior.
When the weakest permanent magnet (Br = 0.1 T) is
placed at the top of the cavity, the fluid is magnetised
resulting in the additional Kelvin body force, eq. (14).
A change in convective flow is observed and is shown
in Fig. 3(c) where a second, counter-rotating cell has
developed in the part of the fluid closest to the magnet
and pushed the original convection cell downwards. The
temperature field in Fig. 3(d) shows that there is now a
tongue of warm fluid extending from the heated side-
wall into the fluid between the two cells, and that cold
fluid flows from the cooled sidewall towards the mag-
net forming a core of fluid that is cooler than the warm
tongue below it. This demonstrates that the presence
Table 3: Input parameters for simulation and resulting maximum mag-
netic Grashof number.
Input values Grashof no Magnetic Grashof no
Br in Tesla Gr Grm
0.00 1.10×103 0
0.10 1.10×103 2.32×103
0.30 1.10×103 7.72×103
0.50 1.10×103 9.77×103
1.00 1.10×103 1.04×104
6
  
Br = 0T
(a) (b)
Br = 0.1T
(c) (d) (e)
Br = 0.3T
(f) (g) (h)
Br = 0.5T
(i) (j) (k)
Br = 1T
(l) (m) (n)
Figure 3: Simulation results for different strength of the permanent magnet. Left column: non-dimensional velocity as colour map with streamlines
superimposed; middle column with a colour and contour map of temperature; right column with a colour and contour map of the force ratio, r,
where the contour line for r = 0 is highlighted in white.
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of even a relatively weak magnet creates a thermomag-
netically induced convective cell in the top part of the
fluid domain while the bottom cell is still dominated by
gravitational forces.
To put the observed convection cells and temperature
fields into the context of the two driving forces, a mea-
sure of their local ratio is defined by
r = log10
(
Grm (M′ · ∇′)H′
Gr eg
)
(23)
and is plotted for all magnetic configurations in the
right column of Fig. 3. A value greater than zero indi-
cates that the Kelvin body force is dominant in that part
of the fluid domain whereas buoyancy dominates for a
value less than zero. For r equal zero highlighted as the
white contour line in Fig. 3(e,h,k,n), both body forces
are equal. Figure 3(e) shows that the separator between
the convection cells is closely aligned with the place in
the fluid where the magnitude of buoyancy and Kelvin
body force are approximately equal. Placing the second
permanent magnet with a higher remanent magnetisa-
tion of Br = 0.3 T at the top of the cavity increases the
Kelvin body force throughout the fluid domain. This
is reflected in Fig. 3(h) where r increases throughout
the entire domain compared to Fig. 3(e). As the higher
Kelvin body force within the fluid domain has a stronger
impact on the convective flow, the gravitationally dom-
inated flow region decreases, so that the top half of the
cavity is now fully dominated by thermomagnetic con-
vection and only the bottom half by natural convection,
as can be seen in Fig. 3(f) and (g).
A further increase in Kelvin body force gradually
increases thermomagnetic convection overall until the
fluid domain is fully dominated by one thermomagneti-
cally induced convective cell which is in this case for a
remanent magnetisation of Br = 1 T, shown in Fig. 3(l)
and (m). The disappearance of the gravitationally in-
duced convection cell coincides with the force balance
where Kelvin body force exceeds buoyancy everywhere
except in a thin layer at the bottom. While the line of
r = 0 shifts further down with each increase in the mag-
net’s strength, the force ratio near the top boundary does
not increase to the same extent. This is due to a weak-
ening of the pyromagentic coefficient as the fluid’s mag-
netisation reaches its saturation level. ByBr = 1.3 T, the
force ratio is positive everywhere in the fluid domain.
5. Discussion
The heat transfer across the cavity is quantified by the
Nusselt number, Nu, that is plotted versus the remanent
magnetisation of each magnet in Fig. 4. The bench-
mark result of natural convection with Gr= 1.1 × 103
obtains a Nu of 6.84 that decreases when the first mag-
net is placed at the top of the cavity. The results indi-
cate that the fluid domain which was initially driven by
buoyancy is significantly influenced by the thermomag-
netically induced Kelvin body force.
The drop in Nusselt number for the first magnetic
configuration can be explained by interpreting Fig. 3(c).
There, the thermomagnetic convection cell has effec-
tively reduced the available space for the buoyancy con-
vection cell. At the same time, the lateral extent of the
thermomagnetic convection cell is limited and it does
not reach the left boundary. This is also evident in
the temperature profile in Fig. 3(d) where no clear ther-
mal boundary layer is visible near the top of the heated
boundary. This means that the convective flow in this
upper cell does not contribute effectively to the heat
flow from the heated to the cooled side wall. Thus, the
net result is a reduction in heat transfer compared to the
non-magnetic case. By the next strength of the magnet,
the thermomagnetic cell extends fully across the width
of the fluid domain and can therefore contribute effec-
tively to the heat transfer. To quantify this effect of the
competing body forces on the Nusselt number, an av-
eraged body force ratio may be defined over the entire
fluid domain,
rav =
1
A
∫
r dA. (24)
Figure 5 shows how the magnetic Grashof number ini-
tially rises with rav but then shows a reversal in Grm fol-
lowed by a range where it increases rapidly while rav is
relatively small. Finally, the magnetic Grashof number
seems to approach a saturation value once rav > 1. To
understand the reversal in the magnetic Grashof num-
ber near rav = 1, we have to remember, that this Grm
Figure 4: The Nusselt number, Nu, plotted versus the remanent mag-
netisation, Br , of each magnet.
8
  
Figure 5: The ratio of Grashof numbers, plotted versus the averaged
body force ratio, rav.
is not an external non-dimensional parameter but de-
rived from the solution of the system. The temperature
fields for the solutions just before and just after the re-
versal are shown in Fig. 6(a) and (c), respectively. They
show that the flow is still a single, gravitationally dom-
inated convection cell before the drop but that a small
thermomagnetically driven cell has formed near the up-
per boundary. Fig. 6(b) and (d) show the corresponding
local magnetic Grashof numbers. Initially, the part of
the domain closest to the magnet is occupied by warm
fluid, transported there by rising under buoyancy from
the heated sidewall, once the Kelvin body force is strong
(a) (b)
(c) (d)
Figure 6: Colour and contour map of temperature left; right column
with a colour and contour map of the local magnetic Grashof number;
top row for configuration Br = 0.075; bottom row for configuration
Br = 0.1.
Figure 7: The Nusselt number, Nu, plotted versus the averaged body
force ratio, rav.
enough, it brings cooler fluid to that part, resulting in a
change of the local fluid properties, including its tem-
perature and pyromagnetic coefficient. This results in
the temporary drop in Grm.
Figure 7 shows how the Nusselt number varies
against the average body force ratio. From an initial
Nu = 6.9, the heat transfer dips initially to Nu = 6.05
at rav = −1.1 but then increases rapidly as the thermo-
magnetic forcing increasingly dominates the flow. At
0.1 T, the Kelvin body force exceeds buoyancy only in
the small part of the fluid domain that is closest to the
permanent magnet, such that the average force ratio is
rav = −1.1. In this case, a decrease in Nusselt number
to 6.05 is observed, as the magnetically induced thermo-
magnetic convection is partly suppressing natural con-
vection without being able to contribute constructively
to the heat transfer.
By increasing the remanent magnetisation to 0.2 T,
the thermomagnetic convection cell reaches fully across
to the cooled side wall such that it starts contributing to
the overall heat transfer process which is indicated by
an increase in rav to -0.3 and an increase in the Nus-
selt number to 7.2. However, the negative body force
ratio states that the overall heat transfer is still primar-
ily driven by buoyancy. If rav reaches a positive value
heat transfer is mainly driven by thermomagnetic con-
vection, even if some of the fluid domain is still dom-
inated by natural convection as presented in Fig. 3(h-
k). A value of rav > 1 indicates that the convection
cell is fully dominated by the Kelvin body force and
all heat transfer occurs through thermomagnetic con-
vection. Consequently, our study not only captures the
previously observed drop in Nusselt number for small
externally applied spatially non-uniform magnetic field
but also provides clear evidence on the process involved
in the transition from gravitationally dominated convec-
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tion to thermomagnetically dominated convection.
6. Conclusion
This study has analysed the transition from natural
to thermomagnetic convection in a magnetic fluid using
the spatially non-uniform magnetic field provided by a
permanent magnet. A result of the spatial structure of
the magnetic field was that the driving force for ther-
momagnetic convection was varying substantially over
the fluid domain. The cases for this study were cho-
sen to present situations where the Kelvin body force
would oppose buoyancy and, with the weakest magnet,
be stronger than buoyancy only in a very small region of
the fluid to a situation where, with the strongest magnet,
it would be stronger than buoyancy almost everywhere.
The results show that the transition is a gradual transi-
tion from a natural convection cell to a thermomagnetic
cell via mixed convection which is organised into a pair
of distinct convection cells: one driven by buoyancy and
the other by the Kelvin body force. The dividing line
between the two cells is well aligned with the location
where the two opposing forces are approximately equal
in strength. A relatively sharp transition between flow
regimes controlled by either one of two opposing pro-
cesses, rather than an extended mixed structure, is also
found in other convective fluid systems, e.g. [30], but
here the transition is determined by the spatial structure
and not through a global balance of the forces. As a re-
sult, the global effect on the transition can be gradual
as the spatial extent of one driving force gradually in-
creases at the expense of the other. This was reflected
by the change in the Nusselt number against the average
force balance, where the small thermomagnetic cell for
the weak magnet reduced the size of the natural convec-
tion cell.
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